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Abstract
Finsler geometry is a natural arena to investigate the physics of spacetimes
with local Lorentz violating. The directional dependence of the Finsler met-
ric provides a way to encode the Lorentz violating effects into the geometric
structure of spacetime. Here, a classical field theory is proposed in a spe-
cial Finsler geometry, the so-called Randers-Finsler spacetime, where the
Lorentz violation is produced by a background vector field. By promoting
the Randers-Finsler metric to a differential operator, a Finsler-invariant ac-
tion for the scalar, gauge and fermions are proposed. The theory contains
nonlocal terms, as in the Very Special Relativity based theories. By expand-
ing the Lagrangian, minimal and nonminimal Standard Model Extension
terms arises, revealing a perturbative Lorentz violation. For a CPT-even
term, the Carrol-Field-Jackiw and derivative extensions are obtained.
Keywords: Local Lorentz violation, Randers Finsler spacetime, Field
theory
1. Introduction
At Planck scale, several theories including string theory [1], noncom-
mutative geometry [2], Horava gravity [3], and Very Special Relativity [6]
suggest that some low-energy symmetries, as the CPT and Lorentz sym-
metry, may be violated. A theoretical framework to study the effects of
reminiscent Lorentz-CPT breaking at intermediate scales is the so-called
Standard Model Extension (SME) [8]. Lorentz violating effects studies have
been carry out in a broad class of phenomena, ranging from muons, neutri-
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nos, photons, hydrogen atom, among other For a comprehensive review of
Lorentz-violation tests, see Ref.[9].
The violation of the local Lorentz violation on gravity requires a mod-
ification on the local geometry of spacetime. In the context of the SME,
local Lorentz violating coefficients arise due to vacuum expectation values
(VEV) of self-interacting tensor fields in a Einstein-Cartan theory [10]. An-
other approach suggests that the modification of the dispersion relation of
particles, an ubiquitous feature of Lorentz violating theories, arises due to
an anisotropic Finsler geometry.
In Finsler geometry, the spacetime interval is measured with a general
function, called Finsler function [11]. The Riemann geometry is a special
case for which the Finsler function is quadratic on the vector components.
The modified dispersion relations (MDR) are the starting point to propose
a local Lorentz violating, as the DSR [20] and VSR [21], whose the curved
extension is the so-called Bogoslovsky spacetime [22]. In the SME set up,
the point particle classical Lagrangians and mass shell can be described
by a class of Finsler functions, called SME-based Finsler geometries [12].
Each Lorentz-violating coefficient provides a different SME-based Finsler
structure, as the b-space [12, 13], bipartite [14, 15] and other spacetimes
[16, 17, 18, 19].
A special Finsler structure is given by the Rander spacetime, where the
anisotropy is driven by a background vector [23]. The Randers interval has
the usual quadratic Lorentz interval added with a perturbative linear pro-
jection of the 4-velocity into the background vector [23]. In the context of
the SME, the Randers spacetime can be regarded as a classical description
of a fermion subjected to a CPT-Odd Lorentz-violating coefficient [12]. The
particle dynamics in Randers spacetime is analogous to the Lorentzian in-
variant dynamics under the influence of a background electromagnetic vector
field aµ. The effects of the Rander spacetime anisotropy have been studied
in cosmology [24, 25] and astrophysics [26].
The directional dependence of the Finsler metric leads naturally to a
field theory living in the tangent bundle as the base space [30, 31]. In
this work we propose an alternative approach, where the fields live only on
the spacetime. Since the Finsler metric depends on the momentum in the
MDR, by replacing the momentum by the covariant derivative, the Finsler
metric turns into a differential operator acting on the fields. Assuming a
minimal coupling prescription to the Finsler metric, nonlocal operators, as
those found in VSR [6] and in Bogoslovksy spacetime [22] are found. The
perturbative character of the Randers anisotropy allow us to expand the
nonlocal operators what yields to Lorentz violating terms as found in the
2
SME [8] and in the Carroll-Field-Jackiw model higher derivative terms as
found in the nonminimal SME [33, 35].
This work is organized as the following. In section 2 the definition of
the Randers spacetime and the dynamics of point particles are reviewed. In
section 3 we propose e study the dynamics of scalar, gauge and fermion fields
on the Randers spacetime. Final comments and perspectives are outlined in
section 4.
2. Randers-Finsler spacetime
In this section we review the definition and the main properties of the
Randers-Finsler spacetime. We show how the background vector is included
into the geometric structure of the spacetime and this yields to modification
of the particle dynamics and mass shell.
In Randers-Finsler spacetime, the interval of two events xµ, xµ + x˙µdt
are measured by the so-called Finsler function, dsR := FR(x, x˙)dt, where
1
[12, 23]
dsR :=
(√
−gµν(x)x˙µx˙ν + ζaµ(x)x˙µ
)
dt. (1)
The Randers spacetime has the local Lorentz invariant interval α(x, x˙) :=√−gµν(x)x˙µx˙ν and a linear term β(x, x˙) := ζaµ(x)x˙µ which drives the
Lorentz violation. Both gµν(x) and aµ(x) are considered background geo-
metric tensors defining the metric properties of the anisotropic spacetime.
The background Randers vector a has its indexes raised and lowed with the
background Lorentzian metric gµν .
The modified interval 1 can be rewritten in terms of a anisotropic or
Finsler metric, by dsR =
√
−gFµν(x, x˙)x˙µx˙νdt [11], where the relation be-
tween the Finsler function F (x, x˙) and the Finsler metric is given by
gFµν(x, x˙) = −
∂F 2(x, x˙)
∂x˙µ∂x˙ν
. (2)
In the Randers-Finsler spacetime, the Finsler metric has the form [11]
gFµν(x, x˙) =
F
α
gµν − β
α
uµuν + 2ζu(µaν) + ζ
2aµaν , (3)
where uµ := gµρu
ρ and uρ := x˙
ρ
α(x˙) is the Lorentzian unit 4-velocity.
1We adopt the mostly plus convention (−,+,+,+) for the metric signature.
3
The Randers-Finsler Lagrangian for a massive point particle is given by
LR :=
(−m√−gµν x˙µx˙ν + ζaµ(x)x˙µ)[23], from which the canonical momen-
tum covector has the form [12, 28]
PRµ :=
∂LR
∂x˙µ
= Pµ −mζaµ, (4)
where Pµ := mgµνU
ν . The contravariant Randers-Finsler canonical momen-
tum PRµ is given by P
R
µ := g
F
µν(x, x˙)P
Rν = PRµ := m x˙
µ
F (x,x˙) .
The modified mass shell (MDR) in the Finsler spacetimes is taken using
the Finsler metric, i.e., [22, 27, 30, 31]
gFµν(x, P
F )PFµPFν = −m2. (5)
In the Randers spacetime, the MDR has the form (gµν + ζ
2aµaν)P
RµPRν −
2ζmaµP
Rµ = −m2. The symmetries of the Finsler metric leads to the
symmetries of the particles in this local Lorentz violating spacetime. The
(MDR)in Eq.5 is invariant by observer local Lorentz transformations and by
deformed Lorentz transformations build with the Finsler Killing vectors.
In a geodesic motion, the particle equation of motion (eom) is given by
x¨µ+Gµ(x, x˙) = 0, where the inertial force is defined by Gµ = γFµρσ (x, x˙)x˙ρx˙σ,
and the Finsler Christoffel symbol is γFµνρ (x, x˙) :=
gFµσ(x,x˙)
2
[
∂νg
F
σρ(x, x˙) +
∂ρg
F
σν(x, x˙) − ∂σgFνρ(x, x˙)
]
. Let us seek for a covariant derivative for which
the eom can be rewritten as PRµ|ν = 0 and preserves the MDR 5. Since the
geometry, and hence the physics, is dependent on both the the position and
velocities, consider the so-called horizontal derivative δµ :=
∂
∂xµ
− Nνµ ∂∂x˙ν ,
and the vertical derivative ∂¯µ := F (x, x˙)
∂
∂x˙µ
, where Nµν :=
∂Gµ
∂x˙ν
[11]. Let us
consider the Cartan connetion ωCµν := Γ
Fµ
νσ dx
σ+Cµνσδyµ, where Γ
Fµ
νρ (x, x˙) :=
gFµσ(x,x˙)
2
[
δνg
F
σρ(x, x˙)+δρg
F
σν(x, x˙)−δσgFνρ(x, x˙)
]
and Cµνρ(x, x˙) :=
1
2
∂gFµν(x,x˙)
∂x˙ρ
is the so-called Cartan tensor, which measures the directional dependence
of the Finsler metric [11]. The Cartan horizontal covariant derivative of the
Finsler metric tensor, defined as gF
µν|ρ := ∇Fρ gFµν = δρgFµν −ΓFσρµ gFσν −ΓFσρν gFσµ
vanishes, i.e., gF
µν|ρ ≡ 0. Thus, a free particle experiences anisotropic local
Lorentz violating inertial forces while preserving the MDR 5.
By applying the tetrad formalism, we can rewrite the Randers metric 3
as gFµν = E
Fb
µ (x, x˙)E
Fc
ν (x, x˙)ηbc, where the tetrads are given by
EFbµ (x, x˙) =
√
F
α
{
Eaµ +
(α
F
)2 [
− β
2α
UµUµ + U
µab
+ aµUb + a
µab
]}
4
The tetrad EFbµ (x, x˙) can be understood as a deformation of the local Lorentz
invariant tetrad Ebµ(x, x˙) by the background field aµ.
3. A Randers field theory
Once analysed the dynamics of a particle in Randers-Finsler spacetime,
let us propose a dynamics for fields. Likewise the particle action, we are
interested in actions build from Randers tensors, as the Finsler metric. The
relation PFµ = −iδµ suggests an approach where the direction dependence
of the geometry becomes a momentum dependence of the metric. Assuming
the fields have only position dependence, the momentum operator has its
origin on position variations, i.e., PFµ = −i∇Fµ . Thus, the Finsler metric can
be regarded as a differential operator, where gFµν(x, y) → gFµν(x,∇F ) and
yµ → ∇Fµ. The relation PFµ = α
F
Pµ and the homogeneity of the Finsler
metric, allow us to write the Finsler metric as the operator gFµν(x,∇). This
approach of considering the Finsler metric as an operator is similar to the
noncanonical kinetic terms [36]. Unlike the field theories defines on the
tangent bunblde TM4 [31], the Finsler metric operator procedure enable us
to propose a field theory defined on the spacetime M4 itself.
3.1. Scalar field
We propose a Randers invariant action for the scalar field is given by
SΦ : = −1
2
ˆ
M
{
d4x{∇µΦKµν(x,∇)∇νΦ
+ m2
√
−gF (x,∇)Φ2]}
}
. (6)
where Kµν :=
√
−gF (x,∇)gFµν(x,∇). For ζ = 0, i.e., for a Local Lorentz
symmetric spacetime, the action 6 yields to a minimal coupling of the scalar
field in a curved spacetime.
In the Randers spacetime, by means of the identification yµ → ∇µ, the
contravariant metric has the form [11]
gFµν(x,∇) = g
µν
1 + ζ2a · ∇ −
ζ2
(1 + ζ2a · ∇)2 (a
µ∇ν (7)
+ aν∇µ) + ζ
4
(1 + ζ2a · ∇)3
[
a · ∇+ a2
]
∇µ∇ν ,
5
where a · ∇ := aµ∇µ. Then, defining a dimensionless background field
bµ := ζaµ, the Randers action for the scalar field can be rewritten as
SΦ = −1
2
ˆ
M
d4x
√−g
{
gµν∇µΦ[(1 + ζb · ∇)
3
2 ]∇νΦ
+ (1 + ζ2a · ∇) 52m2Φ2 + ζ∇µΦ
[
(1 + ζb · ∇) 32 (gρ(µbν)
]
×
∇ρ∇νΦ+ ζ2gµρgνσ∇µΦ
[ (ζβ + b2)
(1 + ζb · ∇) 12
]
∇ν∇ρ∇σΦ
}
.
(8)
The action exhibits nonlocal dynamical terms similar to those of VSR [6].
The perturbative character of the Randers spacetime allow us to rewrite the
Randers Lagrangian as
LFφ = LLI + ζL1LV + ζ2L2LV + · · · , (9)
where LLI := −
√−g
2 (g
µν∇µΦ∂νΦ + m2Φ) is the usual Lorentz-invariant
Klein-Gordon Lagrangian. The first-order Lorentz-violating Lagrangian is
given by
L1LV = ∇µΦ(K5)µν∇νΦ−
5m2
√−g
4
bρ∇ρ(Φ2), (10)
where the mass dimension five Lorentz violating operator (K5)µν has the
form
(K5)µν := −
√−g
4
{
3gµνbρ − 2(gµρbν + gνρbµ)
}
∇ρ. (11)
The second-order terms forms the Lorentz-violating Lagrangian
L2LV = ∇µΦ(K6)µν∇νΦ−
15m2
√−g
8
bρbσ∇ρ∇σ(Φ2),
where the mass dimension six operator (K6)µν is defined as
(K6)µν := −
√−g
4
{3
8
gµνbρbσ − b
2
2
gµρgνσ
}
∇ρ∇σ. (12)
It is worthwhile to say that the last term in the first-order perturbed La-
grangian Eq.10, for a covariantly constant background vector bµ, provides
a total derivative term which can be dropped from the action. The opera-
tors (K5)µν and (K6)µν in a flat background metric have the same form of
the nonminimal Standard Model Extension for dimension 5 and 6 Lorentz
violating operators.
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3.2. Vector Gauge field
Let us propose a Finslerian dynamics for the Abelian gauge field such
that the field strength is defined using Cartan horizontal covariant deriva-
tives instead of the Levi-Civita covariant derivative, i.e.,
FRµν := ∇FµAν −∇Fν Aµ = Aν|µ −Aµ|ν , (13)
where ∇FµAν := δµAµ−ΓFρµνAρ. Since in our approach, A = A(x), then δµ =
∂µ and F
R
µν = Fµν . Therefore, the electric and magnetic components of the
field strength and the gauge symmetry are preserved in Randers spacetime.
A gauge Finslerian extension of the Maxwell action has the form
SFA := −
1
4
ˆ
d4x
{
FµνK
Fµνρσ(x,∇)Fρσ
}
, (14)
where KFµνρσ :=
√
−gF (x,∇)gFµρ(x,∇)gFνσ(x,∇). For ζ = 0, the tensor
KFµνρσ turns into
√
−g(x)gµρ(x)gνσ(x) we obtain the usual Maxwell term
LA = −
√
−g(x)
4 g
µρ(x)gνσ(x)FµνFρσ .
In Randers spacetime, the Finsler gauge action 14 yields to the Finsler
gauge Lagrangian
LFA = −
√−g
4
Fµν
{
(1 + ζb · ∇) 12 gµρgνσ
− 2ζ2
[ gµρgνλgσξ
(1 + ζb · ∇) 12
]
+ 2ζ2
[gµρgνλgσξ(ζβ + b2)
(1 + ζb · ∇) 32
∇λ∇ξ
]}
Fρσ. (15)
Let us analyse the gauge Lagrangian in Eq.15 term by term. The first term
L1A = −
√−g
4
Fµν(1 + ζb · ∇)
1
2 gµρgνσFρσ, (16)
can be expanded in powers of ζ as
L1A = −
√−g
4
FµνFµν + ζFµν(kˆ
(5)
F )
µνρσFρσ + · · · , (17)
where the zero order term consists of the usual Maxwell Lagrangian and the
first-order and second-order Lorentz-violating Lagrangian LALV term are re-
spectively, (kˆ
(5)
F )
µνρσ := −
√−g
8 g
µρgνσbλ∇λ and (kˆ(6)F )µνρσ := −
√−g
8 g
µρgνσbλbξ∇λ∇ξ
[33]. The second term
L2A :=
√−g
2
ζ2Fµν
[
gµρgνλgσξ
(1 + ζb · ∇) 12
(∇(λbξ))
]
Fρσ, (18)
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can be expanded as
L2A = ζ2[Fµν(kˆ5F )µνρσFρσ + Fµν k˜µνρσFρσ ] + · · · , (19)
where (kˆ5F )
µνρσ :=
√−g
2 g
µρ(gνλbσ + gσλbν)∇λ and k˜µνρσ :=
√−g
2 g
µρ[(∇νbσ +
∇σbρ)]. It is worth to note that k˜µνρσ = 0 for a covariantly constant back-
ground vector, i.e., for a Randers spacetime of Berwald type. For a back-
ground flat spacetime and constant background vector, the mass dimension
five operator (kˆ5F )
µνρσ belongs to the nonminimal SME [33].
The third term
L2A :=
√−g
2
ζ2Fµν
[
gµρgνλgσξ(ζβ + b2)
(1 + ζb · ∇) 32
∇λ∇ξ
]
Fρσ , (20)
can be rewritten as
L3A := ζ2Fµν(kˆ(6)F )µνρσFρσ , (21)
where (kˆ
(6)
F )
µνρσ := −
√−g
2 b
2gµρgνλgσξ∇λ∇ξ, for a flat background metric
and vector, is a dimension six Lorentz coefficient of the nonminimal SME
[33].
The Randers geometry also allows the following gauge invariant action
coupling
SˆF := ζ
ˆ
d4x[ǫµνρσAµKˆνFρσ], (22)
where Kˆν :=
√
−gF (x,∇)aν . Expanding the action in Eq.22, we obtain the
Lorentz violating Lagrangian
LˆF =ζǫµνρσAµaνFρσ + ζ2ǫµνρσaλAµ∇λaνFρσ
+ ζ2ǫµνρσaλAµaν∇λFρσ + · · · ,
(23)
i.e., the so-called Carrol-Field-Jackiw Lagrangian [37] and corrections.
3.3. Fermionic field
In order to describe fermions, we adopt the tetrad formalism, whereby
the Randers gamma matrices are defined as γFµ(x, P ) := EFµb (x, P )γ
b and
the tetrads are defined in Eq.6.
As done for the Finsler metric, the Finsler gamma matrices are seen as
operators, defined as
γˆFµ(D) :=
√
−gF (D)γFµ(D). (24)
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A Finsler-invariant Dirac action has the form
SFΨ :=
ˆ
M4
d4x
[
Ψ¯[iγˆFµ(D)Dµ −m]Ψ +H.C.
]
, (25)
where the Finsler covariant derivative Dµ is defined as
DFµ := ∂µ +
i
2
ΓFbcµ Σbc, (26)
and the local-flat generators Σbc are defined as Σbc :=
i
4 [γb, γc]. For a con-
stant background metric ηµν , the Finslerian connection coefficients depends
only on the derivatives of the background vector bµ = ζaµ. Therefore,
assuming a constant background vector, we adopt Dµ = ∂µ. In Randers
spacetime the Finsler Lagrangian for the fermion takes the form
LFΨ = Ψ¯(1 + ζb · ∂)
5
2
{
i
(1 + ζb · ∂) 12
[
γµ∂µ
− ζ
2
(γµbν∂µ∂ν + γ
µηνρbµ∂ν∂ρ)
(1 + ζb · ∂) + (27)
+
ζ2
2
(ζb · ∂ + b2)
(1 + ζb · ∂)2 γ
µηνρ∂µ∂ν∂ρ
]
−m
}
Ψ+H.C..
It is worthwhile to note the presence of nonlocal operators as in VSR [6] and
in Bogoslovksky spacetime.
Expanding the nonlocal operators we can rewrite Finsler-Dirac Lagrangian
27 as
LFΨ = Ψ¯(iγµ∂µ −m+ Qˆ)Ψ, (28)
where Qˆ is a Lorentz violating operator. Qˆ can be written as
Qˆ = ζ
[
Q(4) + aˆ(5)µγµ
]
+ · · · , (29)
where Q(4) is a mass dimension four term
Q(4) := −5
2
mbµ∂µ, (30)
and aˆ(5)µ is CPT-Odd vector operators of mass dimension five given by
aˆ(5)µ := (bν∂µ∂ν − ηνρbµ∂ν∂ρ) (31)
Therefore, the Finsler-Dirac action in Eq.25 yields to Lorentz violating terms
similar to those of the nonminimal SME [35].
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4. Final remarks and Perspectives
We defined a Finsler field theory based on the Randers spacetime. By
interpreting the Finsler metric as a differential operator acting on the fields,
we showed that a minimal coupling of the scalar and vector fields with the
Randers-Finsler metric, and the coupling of the fermion with the Randers-
Finsler vielbein yields to nonlocal operators. The presence of noncanonical
or nonlocal terms in this coupling is similar to those found in VSR [6] and in
the Bogoslovsky spacetime [22]. The perturbative character of the Lorentz
violating allow us to expand these nonlocal operators and find some mini-
mal and nonminiamal SME terms. For the gauge vector field, the Randers
background vector also produces the Carroll-Field-Jackiw term and correc-
tions. As perspectives we point out the analysis of bounds for the coupling
proposed based on tests for the gauge [33], fermionic [35]. The stability
analysis of the fields and the gravitational sector are also important future
developments.
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